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Abstract We construct a general stratified scalar the-
ory of gravitation from a field equation that accounts
for the self-interaction of the field and a particle La-
grangian, and calculate its post-Newtonian parameters.
Using this general framework, we analyze several spe-
cific scalar theories of gravitation and check their pre-
dictions for the solar system post-Newtonian effects.
Keywords Scalar field theories of gravitation · PPN
formalism · Lagrangian mechanics · Solar system tests
of general relativity
1 Introduction
Newtonian gravitation is a scalar theory in which the
gravitational interaction is described by a gravitational
scalar field or potential Φ, that satisfies a Poisson equa-
tion. It is complemented by Newton’s second law of
mechanics for the trajectories of particles moving in the
gravitational potential Φ.
With the advent of special relativity it became clear
that energy and mass are equivalent and so any form
of energy, like the energy contained in any physical
field, produces gravitational field and also gravitates.
The gravitational field, possessing itself gravitational
energy, should thus produce additional gravitational
field and thus the Poisson law should be modified to
contain this field self-energy. A consistent generaliza-
tion of Newtonian’s gravitation accounting for the weight
of gravitational self-energy has been performed by sev-
eral authors, see e.g. [1,2,3,4], see also [5] for a discus-
sion of gravitational self-energy terms.
ae-mail: braganca@stanford.edu
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Special relativity also implied that any proposed
theory of gravitation should be relativistic. The sim-
plest way is to put Newtonian’s gravitation in a rel-
ativistic form. Scalar gravitational theories were initi-
ated by Nordstro¨m with the gravitational potential be-
ing treated as a scalar field on a Minkowski background
[6] and then modifying it into a scalar theory in a con-
formal background [7], with its full structure displayed
by Einstein and Fokker [8] who showed that it is a co-
variant scalar theory in a conformally flat space-time,
i.e., gravitational effects can be seen as a consequence of
having a curved metric generated by a scalar gravita-
tional potential, see also the review by Laue [9]. The
idea of conformal theories of gravitation were resur-
rected by Littlewood [10], whose theory arose the inter-
est of Pirani [11], and further developed by Gu¨rsey [12],
Bergmann [13], and Dowker [14]. Several other studies
analyzed their properties [15,16,17,18,19,20,21,22,23,
24,25,26,27,28,29,30]. Reviews, analyses, and modifi-
cations of these scalar theories can also be seen in [31,
32,33,34,35,36,37,38,39]. Scalar conformal theories of
gravitation are simple, interesting, didactic, but suffer
from the problem that due to the conformal character
and the coupling of electromagnetism with gravitation,
they yield a zero light deflection in the presence of a
gravitational field.
An additional interesting set of theories of gravita-
tion that involve a scalar field are the stratified scalar
theories. These theories are not purely scalar, they also
possess a universal reference frame, where a universal
time t, and thus a universal vector field, is defined with
the space slices composing a stratum that is confor-
mally flat. Einstein was the first to compose such a
theory in which the velocity of light is a variable quan-
tity that plays the role of the gravitational potential [40]
and was also developed by Abraham [41]. Other strati-
2fied theories were composed by Papapetrou [42,43,44],
Yilmaz [45,46], Whitrow and Morduch [47], Page and
Tupper [48], Rosen [49], Ni [50,51], and Broekaert [52].
In Ni [50] a review of stratified scalar theories is given.
Stratified scalar theories can bypass the light deflection
problem. Further, these theories, due to the existence
of a preferred vector field, break Lorentz symmetry and
thus could be candidates to a fundamental theory where
Lorentz symmetry is not essential.
Each of these particular scalar theories, be they con-
formal or stratified, have a field equation and a particle
Lagrangian that together give the particle trajectories
in the external gravitational field. The theories predict
specific values for the classical gravitational tests, see
in addition [53,54,55,56,57]. To compare the different
theories in these tests, it should then be enough to com-
pare just a few specific parameters of the field equation
and of the particle Lagrangian of each theory. They
also have different post-Newtonian effects, and we can
compare them using the Parametrized Post Newtonian
(PPN) formalism [58,59]. The PPN formalism was de-
vised for confronting general relativity and other the-
ories of gravitation with observational data [58,59,60,
61]. In order to easily compare theories defined by a field
equation and particle Lagrangian, a systematic formal-
ism to get PPN parameters from some parameters of
the field equation and of particle Lagrangian would be
of great help. General relativity, so far the most success-
ful theory, is a tensorial theory of gravitation. But, it
is believed that both at the quantum gravity level and
at cosmological scales there are corrections to general
relativity. On one hand, these corrections bring com-
plexity and give rise to new fields that enter the scene
in the same footing as the tensor field of general rel-
ativity. Indeed, extensions of general relativity admit-
ting, in addition to the metric tensor field, vector and
scalar fields, have been proposed as alternatives theo-
ries of gravitation [58,59]. On the other hand, general
relativity could be emergent from some underlying sim-
pler phenomena, such as atoms of spacetime, perhaps
in the form of simple scalar or vectorial fields. Thus,
scalar theories of the type just mentioned, or even vec-
torial theories, can be sought for, although vectorial
theories of gravitation modeled in Maxwell electromag-
netism suffer from the drawback of admitting negative
field energy not admissible for the gravitational field.
In this paper we propose a general stratified scalar
theory of gravitation postulating first a field equation
that accounts for the self-interaction of the gravita-
tional field and second a Lagrangian for describing par-
ticle motion in the gravitational field. Conformal scalar
theories of gravitation are also obtained as a specific
case of this general stratified scalar theory. We also
give a direct method to compute the two PPN parame-
ters that affect the classical solar system tests, namely,
Mercury’s perihelion precession, light deflection, grav-
itational redshift, and the Shapiro effect. This method
reads the PPN parameters directly from the field equa-
tion and the particle Lagrangian. Using specific scalar
theories of gravitation we then confront them with ex-
perimental data. This method provides a simple, straight-
forward way to compare between scalar theories of grav-
itation.
This paper is organized as follows. In Sec 2, we de-
fine the general stratified scalar theory by postulating
a gravitational field equation that accounts for self-
interaction and a particle Lagrangian that gives the
particle motion. In Sec. 3, we calculate the weak field
limit and two post-Newtonian parameters of the theory.
In Sec. 4, we use the general scalar theory to compute
PPN parameters for specific scalar theories of gravita-
tion. In Sec. 5 we conclude.
2 Building a general stratified scalar field
theory of gravitation with self-interaction
2.1 Postulates and equations of the theory
In a general stratified scalar gravitational theory it is
necessary to define an existing prior background struc-
ture [50] (see also [58]). Moreover, to build a gravita-
tional theory, one needs to know how a particle moves
in a gravitational field and how gravitation is generated
by matter. We thus have to (i) define an existing prior
background structure, (ii) give a general field equation,
and (iii) give a particle Lagrangian for the particle’s
trajectories.
The stratified scalar gravitational theory we are go-
ing to work with is defined on a background Minkowski
spacetime, with line element dsM given by
ds2M = γabdx
adxb, (1)
where γab is the flat spacetime metric, and a and b
run from 0 to 3. Note that the coordinates defining
Eq. (1) need not be Minkowskian coordinates and so
in general γab need not be ηab = diag (−1, 1, 1, 1). We
stratify the theory using a universal time parameter t.
This parameter is a scalar field satisfying the following
equations
∇b∇at = 0 , (2)
(∇at)(∇bt) γab = −1 , (3)
where ∇a is the covariant derivative with respect to the
metric γab.
3To define the field equation for the gravitational
scalar field Φ, we generalize the Poisson equation in or-
der to account for a self-interaction of the gravitational
field. We then assume that the field equation is given
by
Φ = 4piGρ− kγ
ab∇aΦ∇bΦ
c2
, (4)
where is the d’Alembertian,∇a is the covariant deriva-
tive, both with respect to the metric γab, G is Newton’s
gravitational constant, ρ is the gravitational source den-
sity and k is a dimensionless constant.
The gravitational source density ρ is a scalar and
thus can be defined in two different ways, namely, ρ =
−Tabuaub where ua is the four-velocity of the source
with respect to γab, or ρ = −γabT ab. Although in our
work we do not need to specify ρ, it is important to note
that the Kreuzer experiment is not compatible with the
first possibility ρ = −Tabuaub [50,61]. This entails that
ρ = −γabT ab is the most realistic choice to be used in
Eq. (4). In the case of electromagnetic radiation, we
then have ρ = 0, which means that light does not gen-
erate gravitational field. As we shall see, this does not
necessarily imply that light is not bent by gravity; this
is only the case for conformal scalar theories of gravi-
tation.
Note also that we explicitly include a self-interaction
term with coupling constant k, but even though differ-
ent scalar theories of gravity yield a particular k, we will
let k have a priori any value. See below a derivation of
the modified Poisson equation Eq. (4).
We now formulate how test particles behave in the
theory. For this, we impose that the particle’s trajec-
tories are the geodesics of a metric gab which itself is
generated by the scalar gravitational potential Φ and
the universal time t. Thus, we write quite generally [50]
ds2 = gabdx
adxb
= −(g(Φ)− f(Φ))c2dt2 + f(Φ)γabdxadxb , (5)
where c is the velocity of light, dt is the differential of
the universal time t, Φ is the gravitational potential,
and g and f are two scalar functions of Φ. Since gab in
Eq. (5) defines the geodesics it must be considered the
physical metric. In general, this physical metric breaks
Lorentz symmetries (even though these are preserved in
the background metric). This Lorentz symmetry break-
ing arises also in standard cosmology (e.g. the Cosmic
Microwave Background indicates a preferred set of ref-
erence frames), and that may indicate that at a funda-
mental level there must be a breaking of Lorentz sym-
metries, and as such these stratified theories should not
be discarded a priori. Note that light propagates in the
null geodesics of this metric, and therefore, in the gen-
eral case, does not follow straight lines. For the physical
metric, the action S for a particle trajectory is then
S = −mc2
∫
dτ , (6)
where dτ = 1c
√
−gabdxadxb, and m is the mass of the
particle. From the standard definition of a Lagrangian
L, namely,
S =
∫
Ldx0 , (7)
in a given coordinate system xa, with x0 being some
time coordinate, we get, from Eqs. (5), (6), and (7),
the following particle Lagrangian,
L = (8)
−mc
√
(g(Φ)− f(Φ))c2
(
dt
dx0
)2
− f(Φ)γab dx
a
dx0
dxb
dx0
.
In a stratified theory, without loss of generality, it is
clearly convenient, from (8), that x0 should be identi-
fied with t, x0 = t. In this case there are further sim-
plifications, namely, γ00 = −c2, and imposing further
that the metric is static one can set γ0α = 0, where α is
a spatial index running from 1 to 3. Using these facts,
the Lagrangian (8) becomes
L = −mc
√
g(Φ)c2 − f(Φ)v2 , (9)
where the particle’s 3-velocity v is defined through the
relation
v2 = γαβ
dxα
dx0
dxβ
dx0
. (10)
Since in special relativity the Lagrangian for a parti-
cle is [58] L = −mc√c2 − v2, we see that to get the
correct special relativity limit, we have to impose the
following condition on the functions f and g, f(0) =
g(0) = 1, where without loss of generality we are as-
suming that no gravitational field means Φ = 0 rather
than Φ = constant. See below a derivation of the parti-
cle Lagrangian given in Eq. (9).
It is important to remark that this formalism can
be used to study conformally flat theories as well. In
fact, to cancel the influence of the universal time t, it is
sufficient to set g = f in Eq. (8). Choosing a reference
frame in which γ0α = 0, the Lagrangian becomes
L = −mc
√
f(Φ)
√
c2 − v2 , (11)
which is simply Eq. (9) with g = f , as expected, i.e., it
represents a conformal scalar field theory. We will use
this fact throughout the paper. Finally, note that, in
this case, Eq. (5) shows that light propagates in straight
lines.
42.2 Derivation of the Poisson equation with a
self-energy term and of the particle Lagrangian
2.2.1 Derivation of the Poisson equation with a
self-energy term
We can motivate our field equation (4) through the fol-
lowing scheme. In electrodynamics, the electromagnetic
energy is stored in the field with a positive energy den-
sity ρEM given by ρEM =
1
2
(|E|2 + |B|2), where E and
B are the electric and magnetic fields, respectively. A
similar expression can be obtained for the gravitational
field in Newtonian gravitation. Indeed, using Poisson’s
equation,
∇2Φ = 4piGρ , (12)
one can show that the total gravitational potential en-
ergy Egrav in a given volume V can be written as (see
e.g. [1]) Egrav =
1
2
∫
V ρΦdV =
∫
V − |∇Φ|
2
8piG dV , where ρ is
the matter density, Φ is the gravitational potential, G is
Newton’s gravitational constant, ∇ is the gradient op-
erator, and an integration by parts has been performed.
Therefore, in the Newtonian theory of gravitation, one
may define a gravitational field energy density as
ρgrav ≡ −|∇Φ|
2
8piG
. (13)
It is interesting to note that this is a negative definite
energy density. This stems from the fact that gravity in
the Newtonian theory is exclusively an attractive force.
Now, we assume that the energy of the gravitational
field can also gravitate. Thus, Eq. (12) with Eq. (13)
yields∇2Φ = 4piGρ− 12 |∇Φ|2. Notice that this approach
is not self-consistent (for self-consistent constructions
see [4,16]); nonetheless, this modified Poisson equation
is valid to the first post-Newtonian order, which is the
order we are interested in for PPN formalism purposes.
Moreover, to put in a relativistic setting, and in order
to get a Lorentz scalar, we replace the Laplacian in
Poisson’s equation (12) by the d’Alembertian and gen-
eralize the gradient ∇ to the covariant derivative ∇a.
Then we getΦ = 4piGρ− 12 γ
ab∇aΦ∇bΦ
c2 , where γab is the
Minkowski metric. In order to consider a more general
theory, we let the factor 12 that multiplies
γab∇aΦ∇bΦ
c2
be undetermined, call it k, obtaining thus the sought
for equation
Φ = 4piGρ− kγ
ab∇aΦ∇bΦ
c2
, (14)
i.e., Eq. (4).
2.2.2 Derivation of the particle Lagrangian
We can motivate the definition of our particle Lagrangian (9)
from an expression for the energy of a particle in a
curved static spacetime.
A static spacetime with metric gab as can be written
ds2 = gab dx
adxb = g00dt
2 + gαβ dx
αdxβ , (15)
where Latin indices a, b run from 0 to 3, Greek indices
α, β correspond to the spatial part of the metric and
run from 1 to 3, g00 = g00(x
α), and in general gαβ =
gαβ(x
α). We assume asymptotic flatness.
We now calculate the appropriate expression for the
observed energy E of a particle measured by a static
observer in the metric given by Eq. (15). The four-
velocity va of the particle is va = dx
a
dτ , where τ is the
proper time of the particle, and its four-momentum pa
is pa = mgabv
b. If an observer has four-velocity ub, say,
then the total observed energy of the particle measured
in the local observer’s frame is E = −pbub. Identifying
the particle’s energy E with the Hamiltonian H , we can
then find the expression for the Lagrangian L.
To start we assume that gαβ(x
α) is a flat spatial
metric, not necessarily Euclidean, afterwards we will
relax this assumption. Thus, calling γαβ a general flat
spatial metric, we put
gαβ = γαβ . (16)
Consider now the metric given in Eq. (15) and consider
a coordinate system in which the metric (16) is diago-
nal, for instance in static spherical coordinates. Then,
we have that the particle’s four velocity can be written
as va = dx
a
dt
dt
dτ =
dxa
dt v
0, where v0 = dtdτ . The spatial
components of the velocity vα defined with respect to
the time t are vα = dx
α
dt and the square of the spatial ve-
locity is v2 = γαβv
α
v
β . Then, since gabv
avb = −c2, we
get gabv
avb = g00
(
v0
)2
+
(
v0
)2
v
2 = −c2. We can then
solve this equation for v0, getting v0 = c
√
−1
g00+v2
. We
want the particle energy measured by an inertial static
observer at infinity. Such a static observer has spatial
velocity zero, uα = 0. Since such an observer is also a
test particle the above derivation for v0 holds, but now
we have to replace v0 by u0 and vα by uα = 0, an so
u
2 = 0, and from asymptotically flatness g00 = −c2.
So, u0 = c
√
−1
g00
= 1. Since the metric is diagonal and
u
α = 0, the energy expression E = −pbub simplifies
to E = −mg00 v0u0. Then using the expressions for v0
and u0 just found we find for the energy the expression
E = −mg00 c
√ −1
g00 + v2
. (17)
5We proceed by identifying this energy with the Hamil-
tonian H of the particle, i.e., H = E. Writing the
Hamiltonian as a function of the spatial components of
the momentum of the particle pα = mgαbv
b, we obtain
H =
√
−g00 p2 − g00 m2c2 , (18)
where here p2 = γαβpαpβ. This reduces to special rela-
tivity when g00 = −c2. Now, we want the correspond-
ing Lagrangian L. Using the Legendre transformation
relating H and L, namely, L = dx
α
dt pα − H , together
with the Hamilton equation dx
α
dt =
∂H
∂pα
, we can verify
that the particle Lagrangian is
L = −mc
√
−g00 − v2 . (19)
We generalize this approach for a non-flat static
metric whose spatial part gαβ can be put in isotropic
coordinates. We then write
gαβ = f γαβ , (20)
where γαβ is a flat metric, not necessarily Euclidean
metric, and f is a conformal factor. With this spatial
metric, the particle Lagrangian given in Eq. (19) be-
comes
L = −mc
√
−g00 − fv2 , (21)
where v2 = γαβv
αvβ . Writing −g00 ≡ g(Φ)c2 and f =
f(Φ), for some Φ and identifying this Φ with the gravi-
tational potential, we see that the particle Lagrangian
in Eq. (21) is the same as
L = −mc
√
g(Φ)c2 − f(Φ)v2 , (22)
i.e., we recover the postulated particle Lagrangian given
in Eq. (9).
It is interesting to notice that this particle Lagrangian
Eq. (22), or Eq. (9), is the same as the one that comes
from the requirement that the trajectory in spacetime
is a geodesic of the metric gab. In fact, the particle ac-
tion in general relativity SGR is given by Sparticle GR =
−mc ∫ dτ , which corresponds to the LagrangianLparticle GR =
−mcdτdt . It is immediate to verify that Lparticle GR = L.
Therefore, the particle trajectory in our theory is a
geodesic of the metric ds2 = −g(Φ)c2dt2+f(Φ)γαβdxαdxβ ,
γαβ being the spatial flat metric. However, we have de-
rived the Lagrangian Eq. (22), or Eq. (9), without the
requirement that a particle follows a geodesic of space-
time and without requiring the covariant divergence of
the particle’s energy-momentum tensor to vanish. This
result is certainly very interesting.
3 Weak field limit of the theory
3.1 Choices of g and f
In order to compare the stratified scalar theory given
in Eqs. (4) and (9) with experiment, we take advantage
of the Parametrized Post Newtonian (PPN) formalism.
To use it, we Taylor expand f and g to second order
in 1/c2. We define second order terms as having the
following factors, v
4
c4 ,
Φv2
c4 , or
Φ2
c4 . The function g(Φ) is
expanded as
g(Φ) = 1 + 2A
Φ
c2
+ 2B
Φ2
c4
, (23)
where A and B are dimensionless constants. Since f(Φ)
appears already multiplied by v2 in Eq. (9), it suffices
to expand to order Φ/c2, so we write
f(Φ) = 1− 2C Φ
c2
, (24)
where C is a dimensionless constant. To have the cor-
rect Newtonian limit in the Lagrangian (9), we must
have A = 1. From now on, we therefore consider A = 1.
In order to further understand the physical meaning
of B and C, we interpret the Lagrangian Eq. (9) as con-
taining an interaction term. For that we should expand
the particle Lagrangian given in Eq. (9) to second order
and analyze how these parameters affect the interac-
tion part of the Lagrangian. We assume that to second
order approximation, we can write our Lagrangian as
the sum of a free special relativistic part Lparticle SR
plus an interaction part Lint, L = Lparticle SR + Lint =
−mc2
√
1− v2c2 + Lint. Expanding the special relativis-
tic term to second order, we get L = −mc2 + 12mv2 +
1
8m
v4
c2 +Lint . On the other hand, expanding the parti-
cle Lagrangian given by Eq. (9), we get L = −mc2 +
1
2mv
2
[
1− (2C + 1) Φc2
]
+ 18m
v4
c2 −m
[
Φ+
(
B − 12
)
Φ2
c2
]
.
Comparing these two equations for L gives the inter-
action Lagrangian to the relevant order, Lint = L −
LSR = −m
[
Φ+
(
B − 12
)
Φ2
c2
]
− 12mv2(2C + 1) Φc2 . An-
alyzing this equation, we can say first that B affects
the effective gravitational mass of the particle. This is
in line with Nordstro¨m’s interpretation that gravita-
tional mass is affected by the gravitational field itself
[7]. Second, that C affects the interaction between the
particle’s kinetic energy and the gravitational field.
3.2 Spherical symmetric solution of the field equation
We have to solve the field equation to obtain the gravi-
tational potential to second order. We solve Eq. (4) in a
6spherically symmetric vacuum, i.e., ρ = 0, using spheri-
cal coordinates (r, θ, φ), obtaining dΦdr =
GM
r2+ kGMr
c2
, where
M is the gravitational mass of the central body. Up to
order 1/c2 this yields
dΦ
dr
=
GM
r2
+ k
(GM)2
c2r3
. (25)
Integrating Eq. (25) we obtain This corresponds to a
potential
Φ = −GM
r
− k (GM)
2
2c2r2
, (26)
with the condition that at infinity Φ = 0.
3.3 PPN parameters
We may now substitute Eq. (26) into Eqs. (23) and (24)
to get
g(Φ) = 1− 2GM
c2r
+ (2B − k) (GM)
2
c4r2
, (27)
f(Φ) = 1 + 2C
GM
c2r
, (28)
where we kept only the terms to the order previously
mentioned.
We want to verify how the parameters B, C, and k
are related with PPN parameters β and γ defined in the
standard PPN metric on a static, spherically symmetric
spacetime in isotropic coordinates by
ds2 = −
(
c2 − 2GM
r
+ 2β
(GM)2
c2r2
)
dt2+
+
(
1 + 2γ
GM
c2r
)
γαβdx
αdxβ , (29)
where γαβ is a flat 3-metric.
Using the correspondence between g00 and f , and
g(Φ) and f(Φ) and comparing with the standard PPN
metric Eq. (29), we immediately identify the following
relations
A = 1 ,
2B − k = 2β ,
C = γ . (30)
To be compatible with every solar system test, it is
enough to replace β and γ by the values of general rela-
tivity, that is β = γ = 1, and guarantee that our theory
satisfies the system (30).
Therefore, a stratified scalar field theory of gravita-
tion that has
– A field equation given in this approximation by Eq. (4),
– A particle Lagrangian given in this approximation
by Eq. (9),
– Parameters that satisfy Eqs. (30) for β = γ = 1,
predicts correctly every solar system effect predicted by
general relativity.
Moreover, a conformally flat scalar theory of gravi-
tation that has a field equation given in this approxima-
tion by Eq. (4), and parameters A, B, C, and k, that
satisfy Eqs. (30) for β = γ = 1 would also correctly
predict every relativistic solar system effect.
This approach also provides a clean and fast way to
compute the PPN parameters β and γ for most the-
ories of gravity, whether stratified scalar field theories
or conformally flat scalar theories with only one metric
potential.
In the next section, we study consistent theories of
gravitation with only one metric potential and calculate
for each theory the parameters B, C and k to verify if
they predict the correct solar system effects.
4 Application to scalar field theories of
gravitation: Stratified and conformal theories
4.1 Page and Tupper theory
The Page and Tupper theory [48] is a stratified scalar
field theory of gravitation and as such is an instance of
the set of equations given in Eqs. (4), (5), and (9). In the
preferred reference frame, the theory has the following
field equation and particle Lagrangian
Φ = 4piGF (Φ/c2∗)
4ρ , (31)
L = −mc
√
F 2(Φ/c2∗)c∗(Φ)
2 − F 2(Φ/c2∗)v2 , (32)
respectively, where is the d’Alembertian in the Minkowski
metric, ρ is the gravitational source density, e.g. ρ =
Tabu
aub where ua is the four-velocity of the source, or
ρ = T aa , and the functions F (Φ/c
2
∗) and c∗ are given by
F = 1− a1 Φ
c2
+ (a1Q+ a2)
(
Φ
c2
)2
, (33)
c2∗ =
c2
1−Q Φc2 +R
(
Φ
c2
)2 , (34)
where a1, a2, Q, and R, are dimensionless constant pa-
rameters in the theory. Here, c∗ is interpreted as a vari-
able speed of light. Using Eqs. (5), (9), and (32), it is
immediate to recover the physical metric of the Page
and Tupper theory, and we get for the line element
ds2 = F 2(Φ/c2∗)(−c2∗(Φ)dt2 + dx2 + dy2 + dz2).
The field equation Eq. (31) of the Page and Tupper
theory corresponds to k = 0 in Eq. (4). The Lagrangian
in Eq. (32) of the Page and Tupper theory corresponds
7to g(Φ)c2 = F 2(Φ/c2∗)c∗(Φ)
2 and to f(Φ) = F 2(Φ/c2∗)
in Eq. (9). Expanding to the post-Newtonian order, we
get for g(Φ) and f(Φ)
g(Φ) =c2
[
1 + (Q− 2a1) Φ
c2
+
+(a21 + 2a2 +Q
2 −R)
(
Φ
c2
)2]
, (35)
f(Φ) =1− 2a1 Φ
c2
, (36)
respectively. Looking at Eqs. (23) and (24) this corre-
sponds to
A =
1
2
Q− a1 , (37)
B =
1
2
(a21 +Q
2 −R) + a2 , (38)
C = a1 . (39)
In order to have the correct Newtonian limit, we must
have A = 1, that is Q = 2a1 + 2. Therefore, the PPN
parameters defined in Eq. (29), obeying the relation in
Eq. (30), are given by
β =
1
2
(a21 +Q
2 −R) + a2
=
1
2
(5a21 + 8a1 + 4−R) + a2 , (40)
γ = a1 . (41)
The PPN parameter β has to be one to account for the
solar system tests. We see from Eq. (40) that the Page
and Tupper parametersR and a2 provide two degrees of
freedom, so there are many possible combinations in the
theory that give the correct value β = 1. In addition,
if in the Page and Tupper theory a1 = 1, then from
Eq. (41) the theory has the correct value for γ, γ = 1.
4.2 Ni’s Lagrangian-based stratified theory
This Ni’s theory [50] is a stratified scalar field theory
of gravitation and as such is an instance of the set of
equations given in Eqs. (4), (5), and (9). This theory
has a field Lagrangian density which yields the following
field equation
∂
∂xa
[√−ggab ∂Φ
∂xb
]
+ 2pi(−g)1/2T ab∂gab
∂Φ
− 1
2
∂
√−ggab
∂Φ
∂Φ
∂xa
∂Φ
∂xb
= 0 (42)
L = −mc
√
e2Φ/c2c2 − e−2Φ/c2v2 . (43)
Using Eqs. (5), (9), and (43), it is immediate to recover
the physical metric gab of this theory, and we get for the
line element ds2 = −e2Φ/c2dt2 + e−2Φ/c2(dx2 + dy2 +
dz2).
In a vacuum, this equation simplifies to
√−ggab ∂
2Φ
∂xa∂xb
+
1
2
∂(
√−ggab)
∂Φ
∂Φ
∂xa
∂Φ
∂xb
= 0 . (44)
Using the fact that
√−g = e−2Φ/c2, we obtain
√−ggab = diag(−e−4Φ, 1, 1, 1) . (45)
Therefore, although in general there is a self-interaction
term, for the static case (which is the case we are in-
terested in) that term vanishes and Eq. (42) becomes
∇2Φ = 0. This implies that Eq. (42) corresponds to
k = 0 in Eq. (4). The Lagrangian in Eq. (43) corre-
sponds to g(Φ) = e2Φ/c
2
and to f(Φ) = e−2Φ/c
2
in
Eq. (9). Expanding to the post-Newtonian order, we
get for g(Φ) and f(Φ)
g(Φ) =1 +
2Φ
c2
+
2Φ2
c4
, (46)
f(Φ) =1− 2Φ
c2
, (47)
respectively. Looking at Eqs. (23) and (24) this corre-
sponds to
A = 1 , (48)
B = 1 , (49)
C = 1 . (50)
Therefore, the PPN parameters β and γ defined in
Eq. (29), obeying the relation in Eq. (30), are given
by
β = 1
γ = 1 .
We can conclude that this theory correctly predicts the
classical solar system tests.
4.3 Ni’s general conformally flat theory
This Ni’s theory [50] is a conformally flat theory of grav-
itation and as such is an instance of the set of equations
given in Eqs. (4), (5), and (9). The field equation and
particle Lagrangian in this theory are given by
Φ = 4piGK(Φ)ρ , (51)
L = −mc
√
e−2F (Φ)c2 − e−2F (Φ)v2 , (52)
respectively, where K(Φ) = 1 − pΦ and F (Φ) = − Φc2 +
qΦ
2
c4 + . . . , with p and q being two dimensionless con-
stants. Note that Nordstro¨m’s theory [7] is a particu-
lar case of this theory. Using Eqs. (5), (9), and (52),
8it is immediate to recover the physical metric of this
theory, and we get for the line element, i.e., the met-
ric, gab = e
−2F (Φ)γab, where γab is a flat metric in
Minkowski spacetime, as in Eq. (1).
The field equation Eq. (51) of the theory corre-
sponds to k = 0 in Eq. (4). The particle Lagrangian in
Eq. (52) corresponds to g(Φ) = e−2F (Φ) and to f(Φ) =
e−2F (Φ) in Eq. (9). Expanding to the post-Newtonian
order, we get for g(Φ) and f(Φ)
g(Φ) =1 +
2Φ
c2
+ (1− q)2Φ
2
c4
, (53)
f(Φ) =1 +
2Φ
c2
, (54)
respectively. Note, that f(Φ) also gets a (1 − q)2Φ2c4 in
the expansion, but we do not need it in the calculations.
Looking at Eqs. (23) and (24) this corresponds to
B = 1− q ,
C = −1 .
Therefore, the PPN parameters defined in Eq. (29),
obeying the relation in Eq. (30), are given by
β = 1− q
γ = −1 .
Therefore, since γ 6= 1, this theory does not have the
correct post-Newtonian form that could explain solar
system phenomena.
4.4 A new conformal scalar theory of gravitation in
flat spacetime
Following Freund and Nambu [16] (see also [4] for the
static case), one can build a general self-consistent rel-
ativistic scalar theory of gravitation in flat spacetime
(see Appendix A).
In this new theory, the vacuum field equation and
particle Lagrangian are given by (see Appendix A)
Φ = − 1
1− 2Φc2
1
c2
(∇cΦ)(∇cΦ) , (55)
L = −mc2
√
1− v
2
c2
(
1 +
Φh2(Φ)
c2
)
, (56)
where h2 is a dimensionless function satisfying h2(0) =
1. Using Eqs. (5), (9), and (56), it is immediate to re-
cover the physical metric of this theory, and we get for
the line element, i.e., the metric, gab =
(
1 + Φh2(Φ)c2
)2
γab,
where γab is a flat metric in Minkowski spacetime, as
in Eq. (1).
The field equation Eq. (55) of the theory corre-
sponds to k = 1 in Eq. (4). The particle Lagrangian in
Eq. (56) corresponds to g(Φ) = f(Φ) =
(
1 + Φh2(Φ)/c
2
)2
in Eq. (9). Expanding to the post-Newtonian order, and
assuming that we can expand h2 to first order in Φ, we
get for g(Φ) and f(Φ)
g(Φ) =1 +
2Φ
c2
+
(
h′2(0) +
1
2
)
2Φ2
c4
, (57)
f(Φ) =1 +
2Φ
c2
, (58)
where ′ means differentiation with respect to Φ. Note
again, that f(Φ) also gets a
(
h′2(0) +
1
2
)
2Φ2
c4 in the ex-
pansion, but we do not need it in the calculations. Look-
ing at Eqs. (23) and (24) this corresponds to
B = h′2(0) +
1
2
C = −1 ,
Therefore, the PPN parameters defined in Eq. (29),
obeying the relation in Eq. (30), are given by
β = h′2(0) ,
γ = −1 .
Even though we have a free parameter h′2(0) which
could be adjusted to one, this theory always yields γ =
−1, and therefore does not explain all the solar system
tests. In order to solve this problem, one could think
about relaxing equation Eq. (55) for self-coupling and
allow a general k. This would only change the expres-
sion of β, which would become β = h′2(0) +
1
2 − k2 ;
γ would still be −1. This is why it is so challenging
to build a relativistic scalar theory of gravitation that
respects Lorentz symmetries. Since this theory is very
general, the only way to obtain the correct PPN param-
eters from a scalar field theory in flat spacetime would
be to modify the field Lagrangian density by adding
for instance a term proportional to T ab(∂aΦ)(∂bΦ). The
consequences of this modification cannot be straight-
forwardly derived with the formalism developed in this
paper, since in this case the effective physical metric
also depends on ∂aΦ (that is f and g are functions of Φ
and ∂aΦ) and here we assumed that f and g are only
functions of Φ, because this is what was used in the
literature. The extension of this model to account for
derivative couplings is then left for future work.
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In this paper, we presented a general stratified scalar
field theory of gravitation in a Minkowski background.
Then, we calculated two post-Newtonian parameters
from three general parameters of the theory B, C and k,
concluding that it is perfectly possible for such a scalar
theory to explain the four solar system tests. Finally, we
used this general theory to rapidly compute the PPN
parameters β and γ for a set of scalar theories of grav-
itation to verify if they agree with the experimental
tests of gravitation in the solar system. Therefore, with
this formalism, one can directly find those two PPN
parameters only from the field equation and the parti-
cle Lagrangian of a given scalar theory of gravitation.
Although this is a very efficient method to calculate β
and γ for a given theory, it does not allow one to com-
pute the other PPN parameters. It would be interesting
to generalize this approach to efficiently calculate the
remaining PPN parameters for scalar theories and ver-
ify if it is possible for such a theory to explain every
phenomenon predicted by general relativity.
The stratified theories that were analyzed (Page and
Tupper’s, and Ni’s) yielded the correct PPN parame-
ters relevant for solar system tests. One could wonder
whether this indicates that they are valid theories, and
the answer to that relies in analyzing the remaining
PPN parameters. This analysis was done by Nordtvedt
and Will [60] and Ni [50] and the conclusion was that
stratified theories cannot account for Earth-tide mea-
surements due to the motion of the solar system relative
to the preferred frame (defined by the distant stars).
The conformal theories that were analyzed did not
yield the correct γ parameter even in very general cases.
This motivates future work on the analysis of a rela-
tivistic scalar theory including a derivative coupling in
the Lagrangian, of the type T ab(∂aΦ)(∂bΦ). Such a the-
ory would not have preferred frame effects (it would
respect Lorentz symmetries), so if it predicted the cor-
rect parameters β and γ it would not have the problem
of Earth-tide measurements.
If such a scalar theory correctly predicts the out-
come of every weak field gravity experiment, then we
can only rule it out using strong gravity experiment
results (e.g. LIGO, neutron star binaries, cosmology).
Note also that a scalar theory of gravity is much sim-
pler than general relativity, since it describes gravity
with one function instead of ten. In such theories, un-
like general relativity, it is generally possible to define a
local gravitational energy-momentum tensor, which is
always an attractive feature, and is still a problem in
general relativity.
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Appendix A: A new conformal scalar field
theory of gravitation in flat spacetime: Criteria
and equations
In this section, following the approach of Freund and
Nambu [16] (see also Franklin [4] for the static case)
we build a new conformal scalar theory of gravitation
in flat Minkowski spacetime from a set of criteria, see
Sec. 4.4. These criteria are
1. The spacetime metric is given by
ds2 = γab dx
a dxb , (A.1)
where γab is a flat metric not necessarily of Minkowski
form, i.e., not necessarily γab = ηab = diag (−1, 1, 1, 1).
2. In the Newtonian limit, the field Lagrangian density
should be equal to
LNewt = −ρΦ− 1
8piG
|∇Φ|2 . (A.2)
3. The general form of the Lagrangian is
L = Lfree + Lm + Lint , (A.3)
where
Lfree = h1(Φ)
8piG
(∂aΦ)(∂
aΦ) , (A.4)
with h1 being a dimensionless function to be deter-
mined which accounts for self-interaction and satis-
fies h1(0) = −1, Lm is the matter Lagrangian den-
sity, and
Lint = Φ
c2
h2(Φ)Tm , (A.5)
with h2 a dimensionless free function satisfying h2(0) =
1, and Tm is the trace of the matter energy-momentum
tensor T abm defined as
√−γT abm = δLmδγab , γ being the
determinant of γab, and δ denotes functional varia-
tion.
4. The energy-momentum tensor for the gravitational
field is given by Noether’s expression
T abgrav =
∂Lfree
∂(∂aΦ)
∂bΦ− γabLfree , (A.6)
where Lfree is the free field Lagrangian of Eq. (A.4).
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5. The exact free field equation should be of the form
Φ = κTgrav , (A.7)
in order to account explicitly for the self interaction
of the field, where Tgrav is the trace of T
ab
grav and α
is a coupling constant to be determined.
6. In a static vacuum, the field equation (A.7) should
simplify to
∇2Φ = −|∇Φ|
2
c2
. (A.8)
With these requirements in hand, we begin by cal-
culating the expression for T abgrav using Eqs. (A.4) and
(A.6). We then obtain
T abgrav =
h1(Φ)
4piG
[
(∂aΦ)(∂bΦ)− 1
2
γab(∂cΦ)(∂
cΦ)
]
.
(A.9)
Calculating the trace yields
Tgrav = −h1(Φ)
4piG
(∂cΦ)(∂
cΦ) . (A.10)
First we fix the constant of proportionality κ in Eq. (A.7).
In the static, Newtonian limit, where h1(Φ) = −1, we
have Tgrav =
1
4piG |∇Φ|2. Therefore, in order to account
for Eq. (A.8) one has κ = − 4piGc2 and the field equation
in vacuum is
Φ = −4piG
c2
Tgrav . (A.11)
Second we determine h1. The Euler-Lagrange equation
give for the free Lagrangian Eq. (A.4),
Φ = − h
′
1(Φ)
2h1(Φ)
(∂cΦ)(∂
cΦ) . (A.12)
Replacing Eqs. (A.10) and (A.12) in Eq. (A.11) yields
the following differential equation for h1, h
′
1 = − 2c2h21 ,
which upon integration gives, considering that h1(0) =
−1,
h1(Φ) = − 1
1− 2Φc2
. (A.13)
Thus, using Eq. (A.13) in Eq. (A.10) together with
(A.11), or directly in (A.12), we obtain the field equa-
tion for the gravitational field Φ in vacuum,
Φ = − 1
c2
(
1− 2Φc2
) (∂aΦ)(∂aΦ) . (A.14)
The full field equation, i.e., the equation derived taking
into account Lfree and Lint in Eq. (A.3) is then
Φ = − 1
c2
(
1− 2Φc2
) (∂aΦ)(∂aΦ)−
4piG
c2
(
1− 2Φ
c2
)
(h2 + Φh
′
2)Tm . (A.15)
Finally, we want to find an expression for the mat-
ter Lagrangian from Lm and Lint in Eq. (A.3). Since
we want to compute how particles behave in the theory
our matter is represented by a point particle. To sim-
plify the analysis we use Minkowski coordinates, i.e.,
γab = ηab, ηab = diag(−1, 1, 1, 1). In this case the mat-
ter Lagrangian density is the Lagrangian density for a
point particle
Lm = ρ0ηabuaub
= mδ3(x− x0)
√
1− v
2
c2
ηabu
aub , (A.16)
where ρ0 is the scalar proper mass density, x represents
spatial coordinates and x0 the spatial position of the
particle, and ua is the particle’s four-velocity with re-
spect to the metric ηab. The matter energy-momentum
tensor is the energy-momentum tensor for a point par-
ticle determined from T abm =
δLm
δηab
[37]
T abm = ρ0u
aub
= mδ3(x− x0)
√
1− v
2
c2
uaub . (A.17)
This yields the trace
Tm = −mc2δ3(x− x0)
√
1− v
2
c2
. (A.18)
Thus, using Eqs. (A.16) and (A.17) for the sum Lm +
Lint that appears in Eq. (A.3) we have Lm + Lint =
−mc2δ3(x−x0)
√
1− v2c2
(
1 + Φc2h2(Φ)
)
, where we have
used ηabu
aub = −c2. Integrating over all space, we get
the matter plus the interaction Lagrangian for the par-
ticle which we simply call the particle Lagrangian L,
L =
∫
d3x(Lm + Lint), i.e.,
L = −mc2
√
1− v
2
c2
(
1 +
Φh2(Φ)
c2
)
. (A.19)
The field equation for the gravitational field (A.15)
together with the particle Lagrangian (A.19) are the
equations of this theory and this is all we need to know
in order to calculate the trajectory of particles.
One could make the theory even more interesting
by modifying the field Lagrangian density through the
addition of a term proportional to T ab(∂aΦ)(∂bΦ).
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